In this work we present some new results obtained in a study of the phase diagram of charged compact boson stars in a theory involving a complex scalar field with a conical potential coupled to a U(1) gauge field and gravity. We here obtain new bifurcation points in this model. We present a detailed discussion of the various regions of the phase diagram with respect to the bifurcation points. The theory is seen to contain rich physics in a particular domain of the phase diagram.
for a complex scalar field with only a conical potential, i.e., the scalar field is considered to be massless. Such a choice is possible for boson stars in a theory with a conical potential, since this potential yields compact boson star solutions with sharp boundaries, where the scalar field vanishes. This is in contrast to the case of non-compact boson stars, where the the mass of the scalar field is a basic ingredient for the asymptotic exponential fall-off of the solutions.
We construct the boson star solutions of this theory numerically. Our numerical method is based on the NewtonRaphson scheme with an adaptive stepsize Runge-Kutta method of order 4. We have calibrated our numerical techniques by reproducing the work of Refs. [1, 2] and [14, 15, 16, 17] .
We consider the theory defined by the following action (with V (|Φ|) := λ|Φ|, where λ is a constant parameter):
Here R is the Ricci curvature scalar, G is Newton's gravita-tional constant. Also, g = det(g µν ), where g µν is the metric tensor, and the asterisk in the above equation denotes complex conjugation. Using the variational principle, the equations of motion are obtained as:
The energy-momentum tensor T µν is given by
To construct spherically symmetric solutions we adopt the static spherically symmetric metric with Schwarzschildlike coordinates
This leads to the components of Einstein tensor (G µν )
Here the arguments of the functions A(r) and N (r) have been suppressed. For solutions with a vanishing magnetic field, the Ansätze for the matter fields have the form:
We introduce new constant parameters:
Here a := α 2 is dimensionless. We then redefine φ(r) and
Introducing a dimensionless coordinater defined byr :=
The equations of motion in terms of h(r) and b(r) (where the primes denote differentiation with respect tô r, and sign(h) denotes the usual signature function) read:
We thus obtain the set of equations:
For the metric function A(r) we choose the boundary condition A(r o ) = 1, wherer o is the outer radius of the star. For constructing globally regular ball-like boson star solutions, we choose:
In the exterior regionr >r o we match the ReissnerNordström solution.
The theory has a conserved Noether current:
The charge Q of the boson star is given by
.
For all boson star solutions we obtain the mass M (in the units employed):
We now study the numerical solutions of Eqs. (12)- (15) (12)- (15) . Thus the numerical solutions of these coupled differential equations can be studied by varying only one parameter, namely a. Fig. 1) . The region IB shown in Fig. (a) is separately depicted in detail in Fig. (b) and similarly a part of the region shown in Fig. (b) is separately depicted in detail in Fig. (c) . The asterisks shown in gion IB is magnified in Fig. 1(b) . The region IB is then further divided into the regions IB1, IB2 and IB3 in the vicinity of B 2 , as seen in Fig. 1(b) .
The region IB3 finally is seen to have the further bifurcation point B 3 . In the vicinity of B 3 we therefore further subdivide the phase diagram into the regions IB3a, IB3b
and IB3c, as seen in Fig. 1(c) . The figures demonstrate, that as we change the value of a from a = 0.225 to a = 0, we observe a lot of new rich physics. While going from a = 0.225 to the critical value a = a c1 , we observe that the solutions exist in two separate domains, IIA and IIB (as seen in Fig. 1(a) ). However, as
we decrease a below a = a c1 , the solutions of the theory are seen to exist in the regions IA and IB (instead of the regions IIA and IIB). For the sake of completeness it is important to emphasize here, that the physics in the domain corresponding to the values of a larger than a = 0.225 conceptually remains the same as described by the value a = 0.225 .
As we decrease the value of a from the first critical value a = a c1 to the next critical value a = a c2 , we notice that the region IA in the phase diagram shows a continuous deformation of the curves, and the region IB is seen to have its own rich physics as explained in the foregoing.
As we decrease a below a c2 , we observe that in the region IA there is again a continuous deformation of the curves all the way down to a = 0. However in the region IB, we encounter another bifurcation point, which divides the region IB into IB1, IB2 and IB3. We observe that in the region IB1 there is a continuous deformation of the curves, and the region IB2 contains closed loops of the curves. The region IB3 is subdivided into the regions IB3a, IB3b and IB3c. The region IB3a would have a continuous deformation of the curves, and the region IB3b is seen to contain closed loops.
It is tempting to conjecture, that there is a whole sequence of further bifurcation points, leading to a self-similar pattern of the new subregions involved. The numerical calculations, however, become more and more challenging, as one proceeds from the first to the higher bifurcations, since an increasing numerical accuracy is necessary to map out the domain of existence. Note, that the value of a had to be specified to 6 decimal digits for B2 and B3, already. Thus it is the global accuracy of the scheme, which presents a limiting factor. Within this accuracy, the Newton-Raphson method will provide a new solution, when an adequate starting solution has been specified, though.
A plot of the radiusr o of the solutions versus the vector field at the center of the star b(0) is depicted in Fig. 2(a) .
As before, the point B 1 corresponds to the first bifurcation (c) For all values of a studied, there is a fundamental branch of compact boson star solutions, which should be stable, since they represent the solutions with the lowest mass for a given value of the charge, and thus represent the ground state. In the region of the bifurcations additional branches of solutions are present, which possess higher masses for a given charge. Thus these solutions correspond to excited states of the system. The lowest of these might be classically stable, as well, and only quantum mechanically unstable. To definitely answer this question, a mode stability analysis should be performed, which is, however, beyond the scope of this paper, representing a topic of separate full-fledged investigations.
Finally, we would like to mention that detailed investigations of this theory in the presence of the cosmological constant Λ with 3D plots of the phase diagrams involving the various physical quantities of the theory are currently under our investigation and would be reported later separately.
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